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ABSTRACT

In this paper, a new kind of covering axiom, fufZi+closedness, stronger than fuzzy s-closednessod8iha and
Malakar (1994) is introduced in fuzzy topologicphses (Chang, 1968) in terms of fuzzy sewni-open sets and fuzzy

semicu-e-closures. Several characterizations via fuzzyilpedbases and fuzzy nets (Pu and Liu, 1980) alaity
various properties of such concept are obtained.
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INTRODUCTION PRELIMINARIES

The notion ofw-open sets in general topological spacesa point x of a general topological spack,{ ) is called a
introduced by Hdeib (1982) has been studied inntece . . sof X if f h ¢
years by a good number of researchers like Hd@B3)L condensation point of a subsebf X if for each open se
Noiri et al. (2009), Omari and Noorani (2007) and Zoubi I/ containingx, A M U is uncountable. A sei is called
and Nashef (2003). w-closed (Joseph and Kwack, 1980) if it contain®élts
condensation points and the complement ofvariosed
For a long time, topologists have been interested iset is called am-open set or equivalentlyy = X is o-

investigating properties closely related to compess in open if and only if for eacix € 4, there exists an open
both general topological spaces and fuzzy topodgic '

spaces (Chang, 1968) some of those are found ierpap Setl containingx such thatl/ — A is cquntable. The set
of Basuet al. (2009). Ganguly and Saha (1990), Joseplof all ®-open sets of a topological spai¢i, T) is denoted

and Kwack (1980), Lowen (1979), Malaketral. (1994),  py it is to be noted that,, is a topology on X finer
Malakar and Mukherjee (1993), Mashhaatral. (1987),

Mukherjee and Ghosh (1989), Sinha and Malakar (1994 than 7. Throughout this paper space, ¢) and ¥, o)
Thompson (19_76), ar_ld Velicko (1968). Every new(or simply Xand Y) represent non-empty fuzzy
invention  neighbouring fuzzy compactness, at somegypological spaces due to Chang (1968) and the slgmb

stage or other, becomes culminated into a tremendoy 41X have been used for the unit closed inte[al ]
applications not only within fuzzy topology itsddit also ] ) . ]

mind, a new kind of covering property fuzzy:.- ! respectively. The support of a fuzzy setis the set
closedness in fuzzy topological spaces, strongan the {x € X:A{x) = 0} and is denoted bysupp{4). A
well-known concept s-closedness due to Sinha anqJZZy set with only non-zero valys£ (,1] at only one
Malakar (1994) is introduced in terms of fuzzy secs elementx £ X is called a fuzzy point and is denoted by

£-0pen sets, fugzy serui-£-closures and_ alll.ed con_cepts. ¥, and the set of all fuzzy points of a fuzzy topitat
We have obtained several characterizations viayfuzz ° . o .
prefilterbases and fuzzy nets along with variowspprties ~ SPace is denoted b7z{X). For any two fuzzy sets:

of such concept. andB of X, A = B if and only if A{x) = B{x) for all

x € X. A fuzzy pointx is said to be in a fuzzy set

*Corresponding author email: ckbasu1962@yahoo.com. (denoted byx ,, £ 4) if ¥, = A, i.e. ifp = A{x). The set
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cardinalities of an ordinary sef and the setV of all
natural numbers are denoted | | and; respectively.

of all fuzzy points having non-zero valge 0 =~ ¢ = 1
and contained in the fuzzy sstis denoted byPt{4,£].
The constant fuzzy sets ¢ with values? and I are

denoted byJ andI respectively. A fuzzy ses is said to 1. FUZZY SEMI- 0-€-OPEN SETS

be quasi-coincident witl¥ (written as A3B) (Sinha and
Malakar, 1994) if4{x) + E{x) = I for somex € X.

A fuzzy set4 is said to be not quasi-coincident with B
(written as /gB) (Sinha and Malakar, 1994) if

Alx) + B{x) =1, for all x € X. A fuzzy open set

Definition 1.1. Let (¥,&]) be a fuzzy topological space
and? < £ = 1. A fuzzy set 4 £ I¥ is called fuzzyw-e-
open if for each fuzzy poing,, € Pt{X) with x,§ 4,
an U FQN(xp) that
|Pt{Ll, e) — Pt{A4,£)| =Ny The complement of a
fuzzy o-e-open set is called a fuzzye-closed set.

there exists such

of X' is called fuzzy quasi-neighbourhood of a fuzzynpoi
x5 if x_,_,E;] A and the collection of all fuzzy quasi-

neighbourhood of a fuzzy poinixyis denoted by The family of all fuzzy o-s-open sets of a fuzzy

FQN(X,x,). A subsetd of a fuzzy topological spack  topological space, &) is denoted by5Z, and the family

is called fuzzy semi-open (Ahemed and Abo-Khadra®f all fuzzy o-s-open sets of a fuzzy topological space
1989) (resp. regular open ( Ahemed and Khadra9)98 (X,& containing the fuzzy pointx, is denoted by

if A=cl{int(A)) (resp. A =int{ci(A))). The
collection of all fuzzy semi-open sets (resp. fuzeyni-
open sets containing the fuzzy poiit, and fuzzy semi-

M

85, (x,).

N Theorem 1.2. &%, is fuzzy topology finer thad.
open sets quasi-coincident with the fuzzy po¥f)is  progf: It is trivial to verify thatd, 1€ &5, Now consider
by FS0(X) (resp. FSO(X,xp) A,Be &%, andx 4 (A A B). Thenx ,4 A andx,§ B and
FSQN(X, x_._,j). The complement of a fuzzy semi-open ¢ there existl, V € FQN(x,) such that
(resp. regular open) is called fuzzy semi-closedefed P+l €) — Pt(A €1 = X ' d
and Abo-Khadra, 1989) (resp. regular closed (Afdemel ?Ij: N E:I _EI_'_'ﬁ’Efl ~ e an _ _
and Abo-Khadra, 1989). The fuzzy semi-closure of af(V.€) — Pt(F, €)| = Ny The inclusion
fuzzy  set A of X is the set Pt{UAV,e) —Pt{AAB, e) = (PtiU,e) —
scl(A) =V {x, € Pt(X): AGU for each  pt(4,e))u (Pt(V,€) — Pt(B, €))

U € FSQN{X,x,)} (Ghosh, 1990; Lowen, 1979) has implies that
|PH{UAV,€) — Pt(AnB,e)| = |Pt{U,e) —
Pt{A,e)|+ |Pt(V,e) — Pt(B,e)| = ¥,

and s¢d A B e 5. Now lete be an arbitrary index set

denoted and

defined a fuzzy prefilterbase ¢ as a non-empty family
Q of non-empty fuzzy sets ¢§ such that for each pair
A, B 1, there exists a €2 such thatl = AAE. A

fuzzy pointx, € Pt{X) is called a fuzzy-semi-cluster
point of a fuzzy prefilterbas® on X if A scl(l]) for
eachd € 2and eachlU € FSQN{X,x,) (Sinha and
Malakar, 1994). The set of all fuzzy semi-clustemp of
a prefilterbase? on X is denoted bys-adg (1, X). A
collectionX of fuzzy sets in¥ is called a fuzzy cover ci
ifvid:A e} =1 e ifsup{lix): U Z}=1for
all x £ X. A fuzzy topological spac# is fuzzy s-closed

(Sinha and Malakar, 1994) (resp. S-closed ( Mukleer

and Ghosh, 1989) ) if every fuzzy coverIby its fuzzy
semi-open sets has a finite subfamily such thaffubey

semi-closures (resp. closures) of the members af th
subfamily is also a cover ofl. In this paper, the

such that for eache A, A e &5, and

x,4 V {Ag:e €A Then there exists ary €& such
that x4 4., and so there exislé; & FQN{x,) such
that | Pt(Up,€) — Pt(A,,,€)| = ;. The inclusion
Pt{lU,,e)— Ptiv{d :a eale) © Pellly el —
Pt(A, €

implies that

|Pt(Uy,e) —Pt{V{A o Eale)| = |Ft[:U.;., €) —
Pt(A,, )|

<NgandsoW {A.:x €A} E &, So&E, is a fuzzy
topology and is, obviously, finer thaih
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The fuzzy interior and fuzzy closure of a fuzzy A = scis (A).

setd £ ] with respect to the fuzzy topolog§:, are
denoted byintE {A)andclg (4]

Definition 1.3. A fuzzy set4 of a fuzzy topological space
X is called a fuzzy semi-e-open set ifd
= cl{intf (4)) . The complement of a fuzzy semie-

open set is a fuzzy semi-=-closed set.

The family of all fuzzy semis-c-open sets of a fuzzy
topological space¥ is denoted byF5EO{X) and the

family of all fuzzy semio-£-open sets of a fuzzy
topological spacel’ containing the fuzzy poiri . (resp.

quasi- coincident wittx »is denotedFSZ O(X, x ) (resp.

FSEQ;'&"[:XJX;,:).

It is obvious to note thaF50{X) = F550{X) and
S5 — FS550({X). None of the above inclusions is
reversible.

Example 1.4. Consider the spact = N with the fuzzy
topology generated by the be@@ke= {E5,:n € IV}, where
B, is the characteristic function of the <, n}. Then
the fuzzy topology o isd ={ 0}uU{U € [V:Uis the
characteristic function of a subsetfcontaining 1} and
FSO(X)= {0}U{U €I": the rang set o¥/ contains
1}. Since N is countable s = IV = FS£0(X) for

(d) A = Bimplies thatscl 5 {A)<sclf (B).

Proof: The proof is straightforward and is thus omitted.

Following example shows thati 5 {4} = scl{4

Example 1.8. Consider the same fuzzy topological space
X = N of Example 1.4. Letd £ [¥ defined by:

Afw) = 1, x=1

MU=+ x=1

Thenscl g (A)=A for anye € (0,1] andsci{A4) = I,

et

Definition 1.9. Let A be a fuzzy set of a fuzzy topological
spaceX. The fuzzyd-semiw-e-closure of4 is the set
sgclf (A) =V {x, € Pt(X): Agscls(U) for
eachFS5QN(X, x,)}. A fuzzy set4 is called fuzzye-

semio-e-closed if 4 = 55¢l%,{4) and the complement

wl
of a fuzzyf-semiw-£-closed set is called a fuzaysemi-
®-£-0pen set.

The following theorem can be easily verified:

Theorem 1.10. For any two fuzzy set4 andE of a fuzzy
topological spacét, the following properties hold:
(@)scls(A) = s5cl5,(A)

(b) A4 = E implies thatsgclZ (4) = sgcl

2.FUzzY §%,-CLOSED SPACES

any €€ (0,1]. This example has also established thaDefinition 2.1. A fuzzy topological spacel is called

&% = & in general.

fuzzy 57 -closed if every fuzzy cover ol by its fuzzy
semiw-e-open sets has a finite subfamily such that the

The following lemma is easy to prove but useful t0f,77y semie-s-closures of the members of that subfamily

develop the paper.

Lemma 1.5. Arbitrary join of fuzzy semin-£-open sets
of a fuzzy topological spack is a fuzzy semis-e-open.

Definition 1.6. Let A be a fuzzy set of a fuzzy topological
spaceX. The fuzzy semis-e-closure of A is the set
sclf, (A) =V {x, € Pt(X): AGU for each
FSE QN(X,x ).

Theorem 1.7. For any two fuzzy set4 andB of a fuzzy
topological spacé, the following properties hold:
(@A =scls(A) = scl(4)

(b) sclg (A) = scls (scls (A)).

(c) A is fuzzy semim-e-closed if and only if

is also a cover ol.

It is obvious to note that every fuz4yf -closed space is

s-closed. But the converse is not true in gendral is
established by the following example.

Example 2.2. The fuzzy topological spack = [N of
Example 1.4 is fuzzy s-closed, but 5:f-closed because
& ={E,:ne N} where B, is the characteristic
function of the se{1,n}is a fuzzy cover ol by its fuzzy

semiw-£-open sets without any finite subfamily such that
the fuzzy semis-e-closures of the members of that
subfamily is also a cover df.
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Theorem 2.3. A fuzzy topological spac’ is fuzzy 5% -

closed if and only if for each fuzzy prefilterba@ein X
equipped with fuzzy semi--open sets,
MsclE(A)AEN}=0.

Proof: Let X be fuzzy 5: -closed and? be a fuzzy

prefilterbase int equipped with fuzzy semi-¢-open

sets such that {scl%,(4):4 € 0} = (. Then
{g—sc.-m.__n,l:n = I’l} = I and so the fuzzy ;-

closedness of spad&ensures that there is a finite subset

15 of 11 such that

W {sc:‘ (I —=clf

thatA {1 — sci Nl=0ie.
Nyl = 0. Sincell is a prefilterbase, there

exists and; € 1 such thatdy = A {4: 4 € 0;} and

thusA = ( ---- a contradiction.

= 1, which implies
S(1—scls(A)):A €

.""x{z-j.z-j =

Conversely, letX be not fuzzy 55-closed. Then there
exists a fuzzy coveX of I by fuzzy semin-£-open sets
that V {scls,(4):

of X such AET =1 | e
{1‘ —sclE(A):AE _.;.} = for any I; < ¥ with
|E5] = Mg, Thus {g — sclE :A}'I 1£X}is a fuzzy

prefilterbase inX equipped with fuzzy semi-£-open
sets. Sinc& is a fuzzy cover of, V{AIAeX}=1,i. e.
Mscls(1— scls(A)): A € £} =0 - a contradiction.

Theorem 2.4. A fuzzy topological spac# is fuzzy 5% -
closed if and only if each family of fuzzy semie-c-
closed sets ik’ with the property At

I—scls(1—V):VEA}=0 for each for any
Ay S Awith |Ag| < ¥ has a non-empty meet.

Proof: Let X is fuzzy S5-closed andA is a family of
fuzzy semie-c-closed sets i with the property {
I-scls(1—V):VEA}=0 for each for any
AT A with [Ag| < Ng.If possible let Af V
VEA} =0 Then{I— V:V € A} is a fuzzy cover of
Iby its fuzzy semis-c-open sets and so fuzzy: -
closedness off ensures the existence oflg < A with
|Ag| < Ny such thatv { sclg(1—V):VeEA} =1,
ie. Al I1-sclf(1-V):VEA)=0 - a
contradiction.

Conversely, letX be not fuzzy 5:-closed. Then by
Theorem 2.3, there exists a fuzzy prefilterb&sén X
equipped with semi-e-open sets ofX such that
AsclE(A)AEn) =0

Therefore{l‘ —sclf(A):A € I’l} is a fuzzy cover of
1 by its fuzzy semi»-£-open sets and so fuzzy ndsf-

closedness of X ensures that
v {sels (1 — scls(A)):A e 0y} < 1 : ie.
A Ez —scig(1—scs(4): A€ n_.;.} = for each

0y © Dwith Q] < Ng. Thus{scl5(4):AEN}is a
family of fuzzy semiw-e-closed sets inX with the
property stated in the theorem having empty meet.

Definition 2.5. A fuzzy point x, € Pt{X) is called a
fuzzy 6-semiw-e-cluster point of a fuzzy prefilterbage
on X if A§sclE({U] for eachd € and each
UE FS5QN(X,x,) . The set of all fuzzy semi-e-
cluster point of a prefilterbasi on X is denoted bysE -
adg (1,X).

Lemma 2.6. A fuzzy pointx, € Pt{X) is a fuzzy6-
semiw-e-cluster point of a fuzzy prefilterbag® on X if

and only ifx, € sgclf,(A), forall 4 € 11,

Proof: Let x, € Pt{X) be a fuzzyd-semiw-e-cluster

point of fuzzy prefilterbaseQ on X, A € and
Ue FSQN{X,x,). Then by Definiton 2.5,
Ag sclf(U) and sory, € sgelf(4)

To establish the converse, letd €1 and

U € FSEQN(X,x,). Thenx,
Definition 1.9, 43 sclg (U]

£ sgclf{A) and so by
and hencex s a fuzzy6-

semiw-&-cluster point of fuzzy prefilterbage.

Theorem 2.7. A fuzzy topological space¥ is fuzzy 5-

closed if and only if for every fuzzy prefilterba@eon X,
Sg-adg (,X) = 0.

Proof: Let X be a fuzzyS:-closed space an® be a
fuzzy prefilterbase ot such thatSZ-adg (12,X) = 0.

Then for eachkxy © X and each positive integar, there
exist anll¥ € FSEQN{X, x_ and an4# £ 17 such that

Since ur+ 1z 1,
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[Uf:x € X,n € N}is acover ofl. Then the fuzzys 2 -
closedness o ensures the existence of subs¥tsand
X; of N and X respectively such that
W {sclS(UF):x € Xgon € Ng=1, | Xl = ¥,
and|Ng| == Ng. Again A¥g scls (UF) for eachy £ X,
and n € Ny implies that A{A4%:x € Xy, n € Nylgl.
Since 11 is a fuzzy prefilterbase o#, there exists an
A Elsuch thatd = Al4%:x € X5, m € N} and so,
that4gli.e. A = 0 --- a contradiction.

Conversely, letX be not fuzzy 55-closed. Then by
Theorem 2.3, there exists a fuzzy prefilterbdsen X
equipped with semb-£-open sets ofX such that
Nscls(A):A €0} =0 Then{l —sclf(4):A €]
is a cover ofl and so for eacix,, £ Pt{X), there exists
Je FSEQN(X, Xy)
2{4) and thus by

an Al such thatU=1 —sclZ (A

and g sclZ,(U). Hence x, & sg¢l
Lemma 2.655-adg (2,X)=10.

Definition 2.8. A fuzzy point x, € Pt{X) is called a
fuzzy  &-semiw-e-cluster point of a fuzzy net
[4;: 1€ (T, =)} if for each U€E FSEQN(X,x,)
and for eachi £ I1 there exists @y = 11 with A3 = A
such thatd; G sciZ,(I). The set of all fuzzyf-semio-
e-cluster points of the fuzzy ndtd; : A € {II,=)} is
denoted by5Z-adg (11, X).

A fuzzy net{A; : A € (II,=)} is said tof-semiew-e-

converge to a fuzzy poinix, € Pt{X) if for each
Ue FSLQN(X,x,), there exists alg € [T such that
Aygsels(U) forall A = A,

Theorem 2.9. A fuzzy topological spaceX is fuzzy 5¢-

closed if and only if for every fuzzy net
{4+ A€ (IL=)} onX, S&-ady (IL,X) = 0.

Proof: Let X be a fuzzy 5£-closed space and

[4;: 1€ (II,=)} be afuzzy net o¥ such thatSZ -
adg (I, X) = 0. Then for eaclx, € Pt{X), there exist
anU{x,) € FSEQN(X,x,) and allx ;) € Il such that
Aug scls(Ulxy)) forall g = A(x,). We claim that the
family A = {1 — Ulx,): x,, € Pt{X)} of fuzzy semie-

e-closed sets satisfies the property given in Thed2ed.
Consider a subfamil} = {1 — U{x} ):i=12,...

, 1}, wherett is a finite positive integer. Then there exists
av € Mwithv = A{x},) for eachi = 1,2,...,n such
that 4, gscls(Ulxy,)) forall i = vand

sod, = I —-V{scli(Ulxp))i=12..,n}
=M1 - scls(U(x;)),i=1.2,...,n}forallp = v
ThusA{1 — sclf,(U(x})),t = 1,2,...,n} = 0. Then
Theorem 2.4 ensures that

AI1— Ulxy):x, € PH(X)} # 0. Lety, €

M1 —Ulxy):x, € PE{X)}. Theny, = 1 —U(x,]for
eachx, £ Pt{X). Then for the particular case,

¥y =1 —U{y.) and soy,qU{y,.) --- a contradiction.

Conversely, letX be not fuzzy 5:-closed. Then

Theorem 2.3 ensures the existence of a fuzzy fdfdse

Q in X equipped with fuzzy semi-s-open sets such that
MNsclE(A):Aen} =10, i.e. that

V{I—sclf(A):A €0} =1 Itis obvious to note that
T={x; €10} is a fuzzy net wherell is the

directed set under the relatio#=" defined by 4y << A,

if and only if 4> = 44 for all 41,4; €l ThenZ has a

fuzzy &-semiw-e-cluster point x, € Pt{X). Since

[I1—sclf(AxAEn} is a cover of I
x,G(1 —scls(4)) for some AE[L  Then
xpgscls(1—sclf(A)) for all B €10 (directed set)

with 4 << B, Thus x, can not be fuzzyf-semio-e-

cluster point of the fuzzy nét--- a contradiction.

Theorem 2.10. A fuzzy topological spaceX is fuzzy
5%-closed if and only if every fuzzy net has a fuzzy

subnet-semiw-s-converging to a fuzzy point ¢¥.

Proof: Let fuzzy topological spaceX be fuzzy 5%-
closed and = {4; : 4 € (II, =)} be a fuzzy net o
Then by Theorem 2.9, there exists xp & P£(X) at
which ¥  &-semiw-e-clusters. So for each
Ue FSLQN(X,x,) there exists al €11 such that
A;G sclE (L. Then the
® = {(4,U): U E FS5QN(X,x,), A€ T,

Ay sclg (U)}

set

is a directed set under the relatios=™ defined by
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(LU}« (v, ) ifand only if A = v andlV = I and
so the mapping ¢:(®,<<) = I defined by
({4, U)) = A; is a fuzzy subnet cE. We claimg &-

semie-e-converges to x, To establish this,
supposer € FS5QN({X,x,). Then
Ag € TI (and sc(Ag, &) € @) such thatd; g sclf (G).
Therefore for all {4, L7) € @& with {A,G) << {4, U]},
for all U € FSEQN{X,x,] and for all A1 €11
satisfying A;qsclf(U) with ;=41 and U =6
implies thatg L.__Z, U)Jq sclf (G). Thus @ &-semiw-e-
converges t&r.. The converse part is clear.

there exists a

i.e.

Definition 2.11. A fuzzy pointx, € P£{X) is called a
fuzzy complete #-semiw-e-accumulation point of a
fuzzy setA in X if for each U € F55QNX,x,),
lsuppd| = [{ve X: Alv) + {(scl5{U{v) = 1.
Theorem 2.12. Let X be a fuzzy 5:-closed fuzzy
topological space. Then every fuzzy s&tof X with
|suppd| =¥, has a fuzzy completef-semio-e-
accumulation point.

Proof: Let a fuzzy setd of X with [suppd| = N, has
no fuzzy completd?-semi ®-e-accumulation point. Then
for eachx: € Pt{X), wheren € N, there exists an

UX e FSEQN(X, xz), such that

| suppAl>|{v € X: A(y) + (scl&(UN(y) = 1}
Clearly, {U¥:x € X¥,n € N}is a cover ofl by its semi-
w-£-open sets. Then the fuzzys-closedness ofX

ensures the existence of subsktsand¥; of N and X
respectively such that
Viscls(UikxeXpne Ngl=1, |¥;/=¥; and
|Ng| = ¥, Leta € suppA . Then there exist am e N,

and az £ X, such that sgIE(UE)a) =1

and so fclf (UE))a) +A(a) =1. Thus
@ € {veX: A(y) + (scl5,(UZ))(v) =1} and so
suppA € Uf{Ayz:r EN, z € Xal, i.e.
|suppAl = |[U{4yz:r € Ny z € X}, where
Apgz = {y€X: Aly) + (sclS(UF(y) =13 Again
|Ayz| = suppA for eachz € Xy, r € Ny. Therefore

| U{z"l.l‘r_,r:{:'."" = KE-

o) = |suppA|
--- a contradiction.

ze Xl = ?Jzax{|z1'3;|:?-* ENyz £

Since it has already been shown that the sffaselV of
the Example 1.4 is not fuzzy5:-closed though every
fuzzy setA of X with |suppAd| =Ny has a fuzzy
complete &-semiw-s-accumulation point, the converse
statement of Theorem 2.12 need not be true.

3. FUZZY &%-CLOSED SETSRELATIVETOA

FUZZY TOPOLOGICAL SPACE
Definition 3.1. A fuzzy setS of a topological spac# is

called fuzzy5 £ -closed relative téX if for every familyIl

of fuzzy semiw-s-open sets of X  with
sup{U{x): U €11} = 1 for eachx € supp(5) has a
finite  subfamily HE. of II  such that
VIsclE (U el =

Theorem 3.2. A fuzzy set5 is fuzzy 55-closed relative

to X if and only if for each fuzzy prefilterbage in X
equipped with fuzzy semi-c-open sets and
(A{sclf(A):A € DA S = 0, there exists a subsB;
of Q such thal ;| = ¥y and{(A{4:4 € 051G 5.

Proof: Let 5 be fuzzy 5:-closed relative tcf andQ be
a fuzzy prefilterbase i*f equipped with fuzzy semi-e-
open sets andA{sclf(A):4 € Q}AS = 0. We claim
that IT = {;— sclg(A):A € I’l} is the family of fuzzy
semiw-£-open sets off satisfying the property given in

Definition 3.1. In fact for each x £ supp(s),
AMeclE(ARAe D) =0 and o)
(V{1-scis(A)Acn])(x) =1, ie.
supf{l—scls{A))x)AEn} =1

Therefore by fuzzy 55-closedness of relative to X,
there exists a subs@l, of Nwith [1;] =X X5 such that
V{sels, (1 — self (4)) 0y} = 8,

LAl AE i.e.
Ny} =1—5 Thush{4:4A &

AAAE 0,1g5.
Conversely, let fuzzy sef be not fuzzy 57 -closed
relative toX. Then there exists a family of fuzzy semi-
o-c-open sets of¥ with sup{U{x):U €I} =1 for
eachx £ supp(S)such thal/{sclZ(U): UMMy} =<5
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ie. AMl—scli{UUEN,}=1—-5=(0 for any
[Ty € I with [TTg| = ®¥,. Thus {1 — sclf,(U): U € 1T}

is a fuzzy prefilterbase i¥ equipped with fuzzy sems-
£-open sets. We claim that
(Mscls(I—scls(N)xUedphAs =4 For, |f
v EX with 5(v) =0, then v € supp(5) and so
sup{U(yv): U ell} = 1. Again
(A{scls(1— scl5(U)):U €N})(y) = 0 implies that

(MI-U:Uelpiy) = ¢, ie.
suplUly): U €I} = (W{U:U € IN(y) = 1, which
is a contradiction. Therefore

(A{=cls(1—scls(U)):U e IPAS =0 So by the
hypothesis, there is a finite subddg of II such that
(A1 —scls(U):U €T }gs and thus
5 = AsclE(UN: U €T} --- a contradiction.

Theorem 3.3. For a fuzzy sef of X, the following
statements are equivalent:
(a) Sis fuzzy S5-closed relative to X.

(b) For every familyE of fuzzy semie-=-closed sets o¥
with ALV : IV € Z}AS =0, there exists a finite
subfamilyZ, of * such that

AN{1—scls(1-V): VeEy})gs.

(c) For each fuzzy prefilterbask of fuzzy semie-« -
closed sets it such thail — scif (1 — V))gs for
eachV € 0, A{V : IV € DA S = 0.

Proof: (a) implies (b): Let 5 be a fuzzy 5%-closed
relative toX and X be a family of fuzzy semi-&-closed
sets ofY with {V"': V £ Z}A S = 0. Then itis clear that
{1—-V: V&€ Z}is afamily of fuzzy semé-e-open sets
of X satisfying the condition given in Definition 3.hda
so fuzzy 57 -closedness of relative toX ensures the
existence of a finite subfamil\; of £ such that
WViscls(I-V): VEZ D = 5,
A1 —sclé{(1-1): V E5;])g5.

i.e.

(b) implies (c): Let Q be a fuzzy prefilterbase of fuzzy
semiw-&-closed sets in X such that

(1—scli(I1—-V))GS for each VEDN and
AV : Ve Q}AS = 0. Then by (b), there exists a finite
subfamily 0, of 0 such that
NI —sclZ{I—V): V ENy})gS. Sincel is a

fuzzy prefilterbase, there exists 1, &1 such that
o= AV T el Then
1—-sclf(1-Vy)=1—scls(I-AV: VE

0o} = A{I—scls(1=TV): V €0y

and so(1 — =scls (1

— 141145 --- a contradiction.

(c) implies (a): Let S be not fuzzy 5%.-closed relative to
X. Then there exists a family of fuzzy semie-&-open
sets ofX with sup{U{x): U € I} = Ifor each x¢e
supp(5) such thal/{sci={lN: U € TI;} = 5 for each
[T, = I with |TI;| = ¥;. Then

0 = {V = Afscls(1— scls (), U €M), My I
with |II;| << ¥} is a fuzzy prefilterbase of fuzzy semi-
o-e-closed sets iff. We claim that
(1—s5cls(1—V))g5s for eachl” € 12. In fact,
(1—s5cl5(1—V))g S forsomel” € implies the
existence oll; = IT with |II;| <X Ng such that

§S= sclf(1-V) =scli(1— N{scli(1—

sl (U)): U € M)

<

sclE(1—N{1— scls(U):U ellp}) =

V{scls, (U): U € TI,)

, Which is a contradiction of the hypothesis. Hebgéc),
(AV : V€ 21N S = 0. Then there exists an

x € supplS) such that

O<inf{V{x):V e} =inf{(sclf(1—

sels (N))(x),U €M) = :'nf{[sc.-‘j (1-

) (x),U € M} = inf{(2 - U)(x), U € II}.
Hencel == sup{lU/{x),UJ € I} - a contradiction.

Theorem 3.4. A fuzzy set5 of a fuzzy topological space
X is fuzzy 5%-closed relative tcY if and only if every
fuzzy prefilterbasefl on X with the property that
S = sclf{U)andVg scl g (U) for eachl” £ 11 and for
eachll £ F55 0(X) fuzzy §-semiw-s-adheres at some
point in5.

Proof: Let fuzzy sets of a fuzzy topological spac’ be
fuzzy 5%-closed relative té&f and a fuzzy prefilterbase
Il on X with the property given in the theorem does not
fuzzy 8-semiw-=-adhere at any point &t Since for each
¥ € supp(5), there always exists an, £ IV such that
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< §{x) andn = n, impliesxz = 5, then for each

n € Nwithn = n_, there exist an

UZ € FSEQN(X, x2)and aV¥ £ 2 such that

1¥g sclE (UF). Clearly,

sup{UF(x):n € Nwithn = n,}= 1. Therefore the
family _

{U_;’_" EFSEQN [Jf, x;): x € supp(S),nleEN) =

satisfies the property given in Definition 3.1 auithe
fuzzy 5% -closedness of relative toX ensures the

and| V| = Ny such that

S=VsclE (U iy eW n{eNg) = n. L
Considel/ = V{U#:x € ¥, n{e Ny) =n,}
FSE0(X) and al” £ 2 with

V= V{IF € N:x € W,n(g Ny) =n.)} Then

5 = sclf () andVyg sciE (U] --- a contradiction.

Conversely, let fuzzy setd of a fuzzy topological space
X be not fuzzy 5% -closed relative téf. Then Theorem
3.2 ensures the existence of a fuzzy prefilterkidse X
equipped with fuzzy semi-c-open sets and
(Ascls(A)xAenhns =0 such that
(AA:AEN})G 5 for eachily = 11 with || << Ng.

Then® = {V = NMA:AE g}l € with
|25] = ®¥ylis a fuzzy prefilterbase such that
§ = scls () implies V§ scls (1) for everyV € @

and for everylJ € FS50(X). Then the hypothesis
ensures the existence of an, € P{X)with x, =5
such that x5 € 55-adg (1,X). Again x, =5 and
(A):A E l“f-.'}}x*ﬁ =0 imply that
) for some A €11 and so the fact

establishes x,& 5%-

Definition 3.5. A fuzzy set4 of a topological spac¥ is
called fuzzy weaklyf-semiw-e-closed if for every fuzzy
point x, € A, there exists ¥ € FSEQN{X,x,] such
thatscif (17)A4 = 0. Clearly, every fuzzy weakl§-

semiw-£-closed set is fuzz-semiw-e-closed.

Theorem 3.6. Let 4, B be fuzzy subsets of a  spaielf
A is fuzzy weakly &-semiw-£-closed andE is fuzzy

SE-closed relative tct, thenA/ B is fuzzy 5%-closed
relative toX.

Proof: Let IT = {U,: & € A} be a family of fuzzy semi
o-c-open sets ofX with sup{U{x):U €I} = Ifor
eachx £ supp{5). Sinced is fuzzy weaklyd-semiw-e-
closed, then for eacly € supp(B] —supp(4) and
eachn € N, there existsV¥ € FSEQN{X,x=] such

thatscls (UF)A4 =
family _ _
" = {U,:a € AJAV¥: x € supp(B) — supp(4),
nenl

satisfies the propertsup{Gi{x): G € I1'} = I for each

= 0. Then it is obvious to note that the

x € supp(B). Sinceb is fuzzy 5Z-closed relative tct,

there exist finite number of points
Xi,Xa,...,X; € supp(E) — supp(A4), finite number
of natural number#iy,f,..., 1, € N and finite number
of indices @y, oo, . 5. ., = A such that
E = :"-;’:“_1_56-‘5 'If })L"'\,"iisc- ( U,;, 1) and o)
= VL sclf, U,: ). Thus AAE is 5%-closed
relative toX.
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