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ABSTRACT

Sun (1994) showed that if M is a maximal spacelike submanifold of M:(C) then either M is totally geodesic

(n>2,c20) or 0<s<-Sn(n-1),(n>2,c<0)- The purpose of this paper is to study the geometry of an n-
4

dimensional compact totally real maximal spacelike submanifold M immersed in an indefinite complex space form
M ;”’(C). In this manuscript we have shown that either the square of the length of second fundamental form S=0,

implying M is totally geodesic for C>0,n >1or g SMC for ¢ < 0,n > 1and thus generalized Sun (1994)
4

result.
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INTRODUCTION

Among all submanifolds of a Kaehler manifold there are
two classes; the class of totally real submanifolds and the
class of holomorphic submanifolds. A submanifold of a
Kaehler manifold is called totally real (resp. holomorphic)
if each tangent space of the submanifold is mapped into
the normal space (resp. itself) by the almost complex
structure of the Kaehler manifold, Chen and Ogiue
(1974). A Kaehler manifold of constant holomorphic
sectional curvature is called a complex space form, Wali
(2005).

Let M be an n-dimensional totally real maximal spacelike
submanifold isometrically immersed in a 2(n+p)-

dimensional indefinite complex space form M;+p (c) of

holomorphic sectional curvature ¢ and index 2p. We call
M a spacelike submanifold if the induced metric on M
from that of the ambient space is positive definite,
Ishihara (1988). Let J be the almost complex structure of

M;”’(c). An n-dimensional Riemannian manifold M
isometrically immersed in I\ﬁ;”’(c) is called a totally

real submanifold of M 5?(c) if each tangent space of M

is mapped into the normal space by the almost complex
structure, Yano and Kon (1976).

Let h be the second fundamental form of M in I\ﬁ;*p (c)

*Corresponding author email: tabnzo@yahoo.co.in

and denote by S the square of the length of the second
fundamental form h.

Sun (1994), proved that if M is a maximal spacelike
submanifold of M'(C) then either M is totally geodesic

(n>2,c=0) or OsSs—%n(n—l),(nzZ,c<0)- The

purpose of this paper is to study an n-dimensional
compact totally real maximal spacelike submanifold M
immersed in an indefinite complex space form

M (c).

Our main result is:
Theorem: Let M be an n-dimensional compact totally

real maximal spacelike submanifold of I\ﬁ;”’(c). Then
either S=0, implying M is totally geodesic for
c>0,n>1or g @=N0M+2p)  for c<0,n>1.

4

LOCAL FORMULAS
Let M "?(c) be an indefinite complex space form of

holomorphic sectional curvature c, dimension 2(n+p),
p# 0 and index 2p. Let M be an n-dimensional totally
real maximal spacelike submanifold isometrically
immersed in l\ﬁ;”’(c). We choose a local field of

orthonormal frames
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in M;+p(c) such that restricted to M, the vectors
{el,...,en} are tangent to M and the rest are normal to

M. With respect to this frame field of M"P(c), let

1 . 1 R *, 1)*
@ 0" 0" 0" Y @

be the field of dual frames.

Unless otherwise stated, we shall make use of the
following convention on the ranges of indices:

1<AB,C,D<n+p; 1<i, .k, I,m<n;
N+1<eq,B,y <n+p; and when a letter appears in

any term as a subscript or a superscript, it is understood
that this letter is summed over its range. Besides

&=0(e.e)=09(Je,Je)=1,when 1<i<n

& =09(e,.e,)=09(J, Je,)

n+1<a<n+p.

=-1, when

Then the structure equations of M o P (c) are;

do"+Xeyo5 rn0® =0, w5 +w, =0, o} = o),

i*_ j*
o, =,

A A c _ 1 o) c D
dw; +Z£Ca)c A @y _EZSCEDRABCDO) N
C CD

= c

RABCD = ZECSD (5AC§BD 75AD58C + ‘]ACJBD - JAD‘]BC + 2‘]AB‘]CD)

where ﬁABCD denote the components of the curvature
D \ ] N+p
tensor R on M **(c).
Restricting these forms to M we have;
a _ a a i i j
=0, = hea, hi =h{, do'=-2 o, ra’,

a)}+a)ij:O,
_ i K, 1 k I
@ ——Za)k/\a)j +EZRijkla) AD,
Kl

Rijkl = ﬁijkl _Z(hilljhﬁ - hilllthI(( )’

a

a _ a
do” = Za)ﬂ A @y,

——Za) /\a)ﬂ+ Raﬂ”a) Y

(n+p)*

R, = > (hehf —hihy ) (2.1)
k

From the condition on the dimensions of M and
M;*p(c) it follows that €,...,e.

~ is a frame for

Tt (M ) . Noticing this, we see that

Ry = (55 - 5,85 ) - 2. (hehs —hihe ) 22)

a

We call H :—Ztrh" the mean curvature of M and
n

2
=Z(h§‘) the square of the length of the second
ija
fundamental form. If H is identically zero then M is said
to be maximal. M is totally geodesic if h=0.

From (2.2) we have the Ricci tensor R;; given by

R, = Z Rig = 05 - Z hichg (2.3)
Thus the Ricci curvature R is

R=R, :%(n—1)+s (2.4)
From (2.3) the scalar curvature is given by

p= ZR (n- 1)c+s (2.5)

Let h,‘l’j< denote the covariant derivative of h{. Then we

define hy, by

S’ =dny + S hjef + Y hio) +Zhﬁ / (26)
k k

and hj =hy;. Taking the exterior derivative of (2.6) we

define the second covariant derivative of hij-” by

Z hjuo' = dh + Z o) + Z )+ ZI: hjo + Z hiol 2.7)

Using (2.7) we obtaln the Ricci formula

hljxkl h|T!Ik thj mikl +zhlm mjkl Z h”ﬂ Rﬂakl
B

The Laplacian Ah{’ of the second fundamental form h

is defined as Ah;" Z hi -

(2.8)

Therefore,
AR ==(n-1)Y he+ > hahah? +> he hih? (2.9)
Bmk smk
+Z hihihy =2 hihihy

Bmk pmk
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From = Az( ) _Z( |ﬁ<) +Zh"Ah" we obtain, which implies that
aij aijk aij
S(n- 3.2
_AZ( ) _Z( uk) +%(n_1)2(hi?)2+ Z hifhf;hlfhf IM(4(n 1)+n+2ijSdVSO 3.2)

aij aijk aij apfijkl

(2.10)
+ > (hehy —hhe ) (hehyd —heng )
apijkl
PROOF OF THE THEOREM

Let M be an n-dimensional compact totally real maximal
spacelike  submanifold isometrically immersed in

M]"P(c). For each a let H, denote the symmetric
:Zhi]'lhijﬂ'
ij

(n+2p)x(n+2p)-matrix (Saﬂ) is symmetric and can be

matrix (hij-’) and let Then the

assumed to be diagonal for a suitable choice of
e e.. Seting S =S _ =trH’? and

n+17*""" ¥n+p

S= z S, , equation (2.10) can be rewritten as

(n- 1S+ZSZ+Ztr( Ha)2

(3.1)

7AS Z( uk)

aijk
2 1
(n-1)S+>.S2+

Zk:(h'izk) - n+2p

1
n+2pgl‘;(sa—sﬁ)2+§tr(HaHﬁ—HﬂHQ)2

SZ

+

a 1 1 2
_gk:(h,Jk) ( (n-1)+ n+2szS+n+2pgj(sa—sﬂ)
+3tr(H,H, —HH, )
af
From (3.1) we see that
j—Ade>j Z o dv+j[ (n-1)+ n+2psj3dv

where dv is the volume element of M.

By the well known theorem of Hopf (1950), AS =0.

S Jde

Therefore,

O>I > (hs dv+j( (n-1)+

aijk

n+2p

Thus either S=0 implying M is totally geodesic or
SS(1—n)(n+2p)
4

C. This shows that M is totally

geodesic for c>0,n>1 or ogggwc

for ¢ <0,n >1. This proves our theorem.

CONCLUSION

In this paper we studied the geometry of an n-dimensional
compact totally real maximal spacelike submanifold M

immersed in an indefinite complex space form M 2 P(c)

by computing the square of the length of the second
fundamental form. In conclusion, we have shown that
either the square of the length of second fundamental
form S=0, implying M s totally geodesic for

c>0,n>1 or g<@=MM+2p) = for c<0,n>1.
4

This generalizes the result by Sun (1994).
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